We report on a theoretical study of the electronic structures of the [111]-oriented, free-standing, zincblende InAs and InP nanowires with hexagonal cross sections by means of an atomistic sp 3 s * , spin-orbit interaction included, nearest-neighbor, tight-binding method. The band structures and the band state wave functions of these nanowires are calculated and the symmetry properties of the bands and band states are analyzed based on the C3v double point group. It is shown that all bands of these nanowires are doubly degenerate at the Γ-point and some of these bands will split into non-degenerate bands when the wave vector k moves away from the Γ-point as a manifestation of spin-splitting due to spin-orbit interaction. It is also shown that the lower conduction bands of these nanowires all show simple parabolic dispersion relations, while the top valence bands show complex dispersion relations and band crossings. The band state wave functions are presented by the spatial probability distributions and it is found that all the band states show 2π/3-rotation symmetric probability distributions. The effects of quantum confinement on the band structures of the [111]-oriented InAs and InP nanowires are also examined and an empirical formula for the description of quantization energies of the lowest conduction band and the highest valence band is presented. The formula can simply be used to estimate the enhancement of the band gaps of the nanowires at different sizes as a result of quantum confinement.
I. INTRODUCTION
In recent years, InAs and InP nanowires have attracted considerable attention due to their potential application in nanoelectronics and optoelectronics. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] Bulk InAs is a semiconductor with a small direct band gap (0.37 eV), low electron effective mass and high carrier mobility and has been widely used for the development of high-speed electronics. Bulk InP has a large direct band gap (1.34 eV) and excellent optical properties, and has been widely used in high-power electronics and highperformance optoelectronics. Owing to these excellent material characteristics and their intrinsic low dimensionality, InAs and InP nanowires have been explored to realize various novel devices and systems, including nanowire field-effect transistors, [1] [2] [3] [4] light emitting devices, [5, 6] , solar cells, [7] [8] [9] and superconducting quantum devices. [18] [19] [20] [21] It has also been demonstrated that InAs nanowires exhibit strong electron spin-orbit coupling and these nanowires are desired materials for realization of topological superconducting systems in which Majorana bound states can be present and exploited for topological quantum computation. [22] [23] [24] [25] [26] [27] Epitaxially grown InAs and InP nanowires can have zincblende lattice structures and are most commonly oriented along 111 crystallographic directions. Typical diameters of these nanowires are in the range of a few nanometers to about one hundred nanometers.
Previously, the electronic structure have been studied for the InAs and InP nanowires oriented along a 100 crystallographic direction. [40] In this paper, we report on a theoretical study of the electronic structure of InAs and InP nanowires oriented along the [111] crystallographic directions. In comparison with an InAs or InP nanowire oriented along a 100 direction, unit cells in a nanowire of similar size oriented along the [111] direction are much larger and the computation for the electronic structure is much more demanding. A sp 3 s * nearest-neighbor, spinorbit interaction included, tight-binding formalism is employed in the calculation for the band structures and wave functions of the [111]-oriented InAs and InP nanowires. We show that although the lowest conduction bands of these nanowires display good parabolic dispersions, the top valence bands exhibit complex structures. Furthermore, all the band states at the Γ-point are doubly degenerate. Some of them will however split into nondegenerate bands when the wave vector k moves away from the Γ-point. In addition, the wave functions of the band states of the InAs and InP nanowires show characteristic patterns with symmetries as described by the irreducible representations of the C 3v double point group and could in general not be reproduced by the calculations based on simple one-band effective mass theory.
The rest paper is organized as follows. In Section II, a brief description for the calculation method is presented. Section III is devoted to the description and discussion of the calculated electronic structures of the [111]-oriented InAs and InP nanowires with hexagonal cross sections of different sizes. Finally, the paper is summarized in Section IV.
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II. METHOD OF CALCULATIONS
Theoretical methods, such as first-principles methods, [28] [29] [30] [31] k · p method, [32] [33] [34] pseudopotential methods, [35] , and tight-binding methods [36] [37] [38] [39] [40] [41] [42] [43] [44] [47] [48] [49] [50] have been proved to be more powerful for the calculations of the electronic structures of semiconductor nanowires with diameters in the range of a few nanometers to more than 100 nanometers in the whole Brillouin zone.
Here, we employ the sp 3 s * nearest-neighbor, spinorbit interaction included, tight-binding formalism in the calculations for the electronic structures of the [111]-oriented InAs and InP zincblend nanowires. In the tightbinding formalism, Bloch sums of the form [48, 52] 
are used as a basis, where |α, R ν stands for an atomic orbital α at position R ν , N is the number of lattice sites. In the sp 3 s * nearest-neighbor, spin-orbit interaction included, tight-binding formalism, the atomic orbitals are chosen as 10 localized, spin-dependent orbitals. In the basis of the Bloch sums, the Hamiltonian H can be written in a matrix form with matrix elements given by
and the eigenfunctions in a form of
In the nanowire geometry, only the translational symmetry along the growth direction is preserved and an unit cell in a nanowire with a large lateral size (>10 nm) consists of an extremely large number of atoms and the resulting Hamiltonian matrix becomes too large in size to be solved by a standard diagonalization procedure. In this work, the Lanczos algorithm [54] is employed to solve for the eigenvalues and eigenvectors of Eq. (2). The atomistic model structure of the considered InAs and InP nanowire systems is displayed in Fig. 1 . These nanowires are zincblende crystals oriented along the [111] crystallographic direction and have a hexagonal cross section and {110} facets. The period of unit cells in a nanowire is √ 3a and the Brillouin zone is defined as
, where a is the lattice constant of the corresponding bulk material. The lateral size of these nanowires is defined as the distance d between two most remote corners in the hexagonal cross section as shown in Fig. 1(a) 
III. RESULTS AND DISCUSSION
In this section, we present the results of calculations for the band structures and wave functions of the [111]-oriented InAs and InP nanowires with hexagonal cross sections. These nanowires are symmetric under the operations of the C 3v point group (with its rotational axis along the nanowire axis). The corresponding double point group has one two-dimensional irreducible representation Γ 4 and two one-dimensional irreducible representations Γ 5 and Γ 6 . [55] [56] [57] However, at the Γ point, all the band states are doubly degenerate due to the Kramers' degeneracy. When the wave vector k moves away form the Γ point, the band structure Hamiltonian does not possess time-reversal symmetry and the Γ 5 and Γ 6 bands would split into nondegenerate bands. However, the Γ 4 bands will remain doubly degenerate at all wave vector points. Here we note that all bands are doubly degenerate at k = 0 (the Γ-point). In the figure, labels Γ5 and Γ6 are ordered in such a way that the first one labels a band that initially has the lower energy after splitting as the wave vector moves away from the Γ-point.
A. Band structures
We first present the calculated band structures of the [111]-oriented InAs and InP nanowires. In details, it is seen in Figs. 2(a), 2(c) and 2(e) that the lowest and the second lowest conduction bands of a [111]-oriented InAs nanowire with a hexagonal cross section are all Γ 4 symmetric and thus doubly degenerate, and the next two lowest conduction bands are Γ 5 and Γ 6 bands, which are in general non-degenerate bands except for at the Γ-point. However, it is seen that the second lowest conduction band and the Γ 5 and Γ 6 bands are very close in energy and they tend to the formation of a nearly four-fold degenerate band as the nanowire lateral size is increased. The next two lowest conduction bands are again Γ 5 and Γ 6 bands. These two bands are close in energy to the next lowest Γ 4 band to form another nearly four-fold degenerate band. small lateral size. The next lowest Γ 4 , Γ 5 and Γ 6 conduction bands are also hardly distinguishable in energy and form a nearly four-fold degenerate conduction band already at a small nanowire lateral size. Overall, we see in 
where α = c or v, E v (∞) and E c (∞) are the energies at the bottom of the conduction band and the top of valence band of the bulk materials, ∆ c and ∆ v stand for the energy shifts in the bottom conduction band and the top valence band due to quantum confinement, and p 1 , p 2 and p 3 are fitting parameters. The results of fitting are shown in Fig. 4 with the obtained fitting parameters listed in Table I . It is seen that the effect of quantum confinement on the conduction band of the InAs nanowires is stronger than that of InP nanowires, consistent with the fact of InAs has a smaller electron effective mass. 
B. Wave functions
The wave functions of band states have also been calculated and analyzed for the [111]-oriented free-standing InAs and InP nanowires. Figures 5 to 8 show the representative results of the calculations for a few lowest conduction band states and a few highest valence band states of the nanowires of different sizes at the Γ point. Here, a wave function is represented by the probability distribution on a (111)-plane of cation (In or Ga) atoms with the probability at each atomic site calculated by summing up the squared amplitudes of all the atomic orbital components on that site and scaled against the maximum value within each graph. As we mentioned above, at the Γ point, all the states are doubly degenerate. In Figs. 5 to 8, we only plot the probability distribution for one of the two spin-degenerate states, since the other one has an identical spacial probability distribution. Figures 5 and 6 show the calculated wave functions for the five lowest conduction band states and the five highest valence band states at the Γ-point of a [111]-oriented InAs nanowire with a hexagonal cross section of size d = 12.4 nm (n=25) and d = 37.1 nm (n=75), respectively. It is seen that the corresponding conduction band states in the two InAs nanowires with very different sizes have the same special probability distribution characteristics. The lowest conduction band state (a Γ 4 -symmetric state) in each InAs nanowire shows a highly symmetric, s-like wave function probability distribution and is very localized to the center region of the nanowire. The other four lowest conduction band states in each nanowire all show donut-shaped probability distributions. These four conduction band states can be grouped into two groups based on their special localizations. The second lowest conduction band state (a Γ 4 -symmetric state) and the third lowest conduction band state (a Γ 5 -or a Γ 6 -symmetric state) are in one group and their wave functions are more localized around the center of the nanowire. The fourth lowest conduction band state (again a Γ 5 -or a Γ 6 -symmetric state) and the fifth lowest conduction band state (a Γ 4 -symmetric state) comprise the second group and their wave functions are less localized to the center region of the nanowire and are clearly of a hexagonal shape with six high probability regions localized at the six hexagonal corners. The wave functions of the valence band states at the Γ-point of the two InAs nanowires with different sizes also show similar spacial distribution characteristics. Nevertheless, the distribution patterns of these valence band states are more complex than their conduction band counterparts. Furthermore, it is interesting to see that the probability distribution of the highest valence band state (a Γ 4 -symmetric state) of a [111]-oriented InAs nanowire is shaped as a donut with a 2π/3-rotational symmetry, while the second highest valence band state (also a Γ 4 -symmetric state) is a strongly localized, s-like state. The third highest valence band state (a Γ 5 -or a Γ 6 -symmetric state) is also a state more localized inside the nanowire with its distribution pattern consisting of a small triangular region of high probability distribution in the center and a region of low but complex probability distribution close to the surface of the nanowire. The fourth highest valence band state (again a Γ 5 -or a Γ 6 -symmetric state) exhibits a donut-shaped probability distribution and is much more localized inside the nanowire when compared with the second-fifth lowest conduction band states. The fifth highest valence band state (a Γ 4 -symmetric state) exhibits a pattern of probability distribution consisting of a highly symmetric region strongly localized in the center of the nanowire and a ring-like region localized in the middle between the center and the surface of the nanowire. Figures 7 and 8 show the calculated wave functions for the five lowest conduction band states and the five highest valence band states at the Γ-point of the [111]-oriented InP nanowires with size d =12.0 nm (n=25) and size d =36.0 nm (n=75), respectively. It is seen that the wave functions of the five lowest conduction band states of the InP nanowires have the same spatial probability distribution characteristics as the InAs nanowires. The same is true for the wave functions of the five highest va-lence band states of the InP nanowires, except for a minor difference, i.e., the ordering of the probability distribution patterns of the two highest valence band states (two Γ 4 -symmetric states) at the Γ-point of the InP nanowire with the smaller size d=12.0 nm is reversed when compared to the InAs nanowire with size d=12.4 nm.
IV. CONCLUSIONS
In summary, we present a theoretical study of the electronic structures of the [111]-oriented, free-standing, zincblende InAs and InP nanowires with hexagonal cross sections by means of the atomistic sp 3 s * , spin-orbit interaction included, nearest-neighbor tight-binding method. The band structures and the band state wave functions of these nanowires are calculated and the symmetry properties of the bands and band states are analyzed based on the C 3v double point group. It is shown that all bands of these nanowires are doubly degenerate at the Γ-point and some of these bands will split into non-degenerate bands when the wave vector k moves away from the Γ-point as a manifestation of spin-splitting due to spin-orbit interaction. It is also shown that the lower conduction bands of these nanowires all show simple parabolic dispersion relations, while the top valence bands show complex dispersion relations and band crossings. The appearance of the band crossings in the top valence bands of the [111]-oriented InAs and InP nanowires is in strong contrast to the band structures of the [100]-oriented InAs and InP nanowires with square cross sections in which the top valence bands are seen to go for anti-crossings. The wave functions of the band states of these [111]-oriented InAs and InP nanowires are presented by probability distributions on cross sections. It is found that all the band states show 2π/3-rotation symmetric probability distributions and two degenerate band states at the Γ-point show identical spatial probability distributions. Finally, the effects of quantum confinement on the band structures of the [111]-oriented InAs and InP nanowires are examined and an empirical formula for the description of quantization energies of the lowest conduction band and the highest valence band is presented. The formula can simply be used to estimate the enhancement of the band gaps of the nanowires at different sizes as a result of quantum confinement. We believe that the results presented in this work will provide important information about the electronic structures of the [111]-oriented InAs and InP nanowires and useful guidance for the use of these nanowires in novel nanoelectronic, optoelectronic and quantum devices.
